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Abstract. Approximate analytical solutions of a two-term potential are studied for the
relativistic wave equations, namely, for the Klein-Gordon and Dirac equations. The results
are obtained by solving of a Riemann-type equation whose solution can be written in terms of
hypergeometric function 2F1(a, b; c; z). The energy eigenvalue equations and the corresponding
normalized wave functions are given both for two wave equations. The results for some special
cases including the Manning-Rosen potential, the Hulthe´n potential and the Coulomb potential
are also discussed by setting the parameters as required.
1. Introduction
The investigation of the non-relativistic and relativistic bound/scattering state solutions of
exponential-type potentials has become an important area within quantum mechanics. For
last decades, many authors have made much efforts to obtain the analytical solutions of
the exponential-type potentials, especially about the problems based on the Morse potential,
Hulthe´n potential, and the Woods-Saxon potential, with the help of various methods [1-32].
Within this context, we deal with the following two-term exponential potential
V (r) = −V0
e−βr
1− qe−βr
+ V1
e−2βr
(1− qe−βr)2
, (1)
which firstly proposed in [33]. Jia et. al. have studied the bounded solutions of the Schro¨dinger
equation for this potential by using SUSY-approach [34], and Benarami et. al. have investigated
the same problem in terms of Green’s function [35]. Arda and Sever have also presented the
approximate, analytical solutions of the above potential within functional analysis method for
q ≥ 1 and q = 0 [36].
In the present work, we tend to give the approximate, analytical solutions of the Klein-Gordon
and Dirac equations which will be written in the form of a Riemann-type equation. We write the
eigenvalue equations and the corresponding ”wave functions” both for the above equations with
the two-term exponential potential. We present also briefly the results for the Manning-Rosen
potential, the Hulthe´n potential and Coulomb potential by setting the potential parameters as
required. The readers can find an application of the Riemann equation [37] within the quantum
mechanics in [27] where the bounded and scattering state solutions of the Klein-Gordon and
Dirac equations have been studied for an exponential potential.
2. Analytical Solutions
2.1. Klein-Gordon Equation
Time-independent part of the Klein-Gordon equation in the presence of scalar, S(r), and vector,
V (r), potentials is written [37][
~
2c2~∇2 + (E − V (r))2 − (m0c
2 + S(r))2
]
Ψ(~r) = 0 , (2)
for a spinless particle with mass m0 and energy E, where c is speed of light. Since the potentials
in (2) are spherical symmetric, we write the radial part of (2) by taking Ψ(~r) = R(r)Y (θ, φ)
1
r2
d
dr
(
r2
dR(r)
dr
)
+
1
~2c2
[
(E − V (r))2 − (m0c
2 + S(r))2 −
C
r2
]
R(r) = 0 , (3)
where we have to write the parameter C in terms of the angular momentum quantum number
ℓ as C = ℓ(ℓ+ 1) because of the mathematical restrictions [37].
For the case where the scalar potential is equal to the vector potential, we get from (3)[
d2
dr2
−
ℓ(ℓ+ 1)
r2
+Q2(E2 −m20c
4)− 2Q2(E +m0c
2)V (r)
]
u(r) = 0 . (4)
which is obtained by writing R(r) = u(r)r with Q
2 = 1/~2c2.
By inserting two-term potential (1) into (4), using the approximation instead of the centrifugal
term 1
r2
∼ β2 e
−βr
(1−qe−βr)2
, and defining a new variable as z/q = e−βr in (4) (1 ≤ z ≤ 0 for
0 ≤ r <∞ with q → 1), we obtain
d2u(z)
dz2
+
1
z
du(z)
dz
+
[
−
A21
z
+A22 −
A23
q
1
1− z
]
u(z)
z(1− z)
= 0 , (5)
where
A21 =
Q2
β2
(m20c
4 − E2) ;A22 = A
2
1 +
2Q2
qβ2
(E +m0c
2)
(
V0 +
V1
q
)
;A23 = ℓ(ℓ+ 1) +
2Q2V1
qβ2
(E +m0c
2) . (6)
Eq. (5) is a special form of the Riemann equation having regular singular points at ρ, σ and
τ [38, 39]
d2y(x)
dx2
+
(
1− a− a′
x− ρ
+
1− b− b′
x− σ
+
1− c− c′
x− τ
)
dy(x)
dx
+
[
aa′(ρ− σ)(ρ− τ)
x− ρ
+
bb′(σ − τ)(σ − ρ)
x− σ
+
cc′(τ − ρ)(τ − σ)
x− τ
]
×
y(x)
(x− ρ)(x− σ)(x− τ)
= 0 , (7)
which can be reduced to the following form [27]
d2y(x)
dx2
+
(
1− a− a′
x
−
1− c− c′
1− x
)
dy(x)
dx
+
(
aa′
x
− bb′ +
cc′
1− x
)
y(x)
x(1− x)
= 0 . (8)
where the parameters satisfy Fuch’s relation as a + a′ + b + b′ + c + c′ − 1 = 0 [39]. Since the
hypergeometric differential equation with solutions 2F1(p
′, q′; r′;x) is a special case of Riemann’s
equation [39], the solution of (5) can be written in terms of hypergeometric function [27]
y(x) = xa(1− x)c 2F1(p
′, q′; r′;x) , (9)
where
p′ = a+ b+ c , q′ = a+ b′ + c , r′ = 1 + 2a . (10)
By comparing (5) with (8), we can set the parameters as
a = +A1 , b = −A2 , c = 1 +D , (11)
with D = −1/2 +
√
1/4 +A23/q , and we obtain the solutions of (5)
u(z) ∼ zA−1(1− z)1+D 2F1(A1 −A2 + 1 +D,A1 +A2 + 1 +D; 1 + 2A1; z) , (12)
In order to have a physical solution, we must write A1 − A2 + 1 +D = −n(n = 0, 1, 2, . . .).
This expression is the quantization condition of our system and gives the wave functions of the
Klein-Gordon equation for the two-term potential
u(z) = NzA1−1(1− z)1+D 2F1(−n,−n+ 2A2; 1 + 2A1; z) . (13)
with the normalization constant N . By using (6) in quantization condition, we obtain the
corresponding energy eigenvalue equation for the two-term potential
E2 −m0c
2 = (E +m0c
2)
(
V0 +
V1
q
)
−

 Qqβ (E +m0c2)
(
V0 +
V1
q
)
n+ 1 +D


2
+
(
n+ 1 +D
2Q/β
)2
. (14)
The normalization condition
∫
∞
0 |u(r)|
2dr = 1 turns into 1β
∫ 1
0
1
z |u(z)|
2dz = 1 which gives
1
β
N2
∫ 1
0
z2A1−1(1− z)2+2D[ 2F1(−n,−n+ 2A2; 1 + 2A1; z)]
2dz = 1 ,
With the help of the following expression∫ 1
0
zP
′
(1− z)Q
′
[ 2F1(−n, n+ P
′ +Q′ − 1;P ′ + 2; z)]2dz =
n!(n+Q′/2)Γ(n +Q′)Γ(P ′ + 1)Γ(P ′ + 2)
(n+ 2Q′ + P ′ + 1)Γ(n+ P ′ + 2)Γ(n+ P ′ +Q′ + 1)
, (15)
with P ′ = 2p′′ − 1, Q′ = 2q′′ + 2 and p′′ > 0, q′′ > −3/2, we write the normalization constant
N =
[
β(n+A1 +D + 1)Γ(n + 2A1 + 1)Γ(2A2)
n!(n+ 1 +D)Γ(n+ 2 + 2D)Γ(2A1)Γ(1 + 2A1)
]1/2
. (16)
for q → 1.
We discuss briefly now the results for the special cases of the two-term potential (1) by
starting with the Manning-Rosen potential. If we write the parameters in (1) as
V0 =
A
2b2
, V1 =
α(α − 1)
2b2
, β =
1
b
, q = 1 , (17)
we obtain the above potential, and (14) gives the energy eigenvalue equation for the Klein-
Gordon equation with Manninng-Rosen potential (~ = c = 1)
E2 −m20 =
1
2b2
(E +m0)[A+ α(α − 1)]−
[
1
2b(E +m0)[A+ α(α − 1)]
Γ
]2
+
b2Γ2
4
. (18)
with Γ = n+ 1/2 +
√
1/4 + ℓ(ℓ+ 1) + (E +m)α(α − 1) .
In order to obtain the energy eigenvalue equation for the Hulthe´n potential, we set the
parameters in (1) as
V1 = 0 , q = 1 , (19)
and (14) gives the following expression (~ = c = 1)
E2 −m20 = (E +m0)V0 −
[
1
β (E +m0)V0
n+ ℓ+ 1
]2
+
β2
4
(n+ ℓ+ 1)2 . (20)
The Coulomb potential could be obtained from the Hulthe´n potential by taking βr ≪ 1
V (r) = −
Ze2
r
,
where we set V0 = Ze
2β. We write the energy eigenvalues of the Klein-Gordon equation for the
Coulomb potential from (14) (~ = c = 1)
E −m0
E +m0
= −
Z2e4
(n+ ℓ+ 1)2
. (21)
2.2. Dirac Equation
For the case of time-independent vector and scalar potentials, the Dirac equation is given [37]
{cαˆ.pˆ+ βˆ[m0 + S(r)]}Ψ(~r) = [E − V (r)]Ψ(~r) , (22)
where m0 is the mass of a spin-
1
2 particle, E is the relativistic energy, pˆ is the linear momentum
operator and αˆ and βˆ are 4× 4 matrices given by
αˆ =
(
0 σˆ
σˆ 0
)
, βˆ =
(
1 0
0 −1
)
, (23)
The Dirac spinor Ψ(~r) on the basis of complete set [Hˆ, κˆ, Jˆ
2
, Jˆz] is defined as [37]
Ψ(~r) =
1
r
(
fnκ(r)φjm
ignκ(r)χjm
)
for κ = j +
1
2
, (24a)
Ψ(~r) =
1
r
(
fnκ(r)χjm
ignκ(r)φjm
)
for κ = −(j +
1
2
) , (24b)
with
φjm =


√
j+m
2j Yj−1/2,m−1/2√
j−m
2j Yj−1/2,m+1/2

 , χjm =


√
− j−m+12j+2 Yj+1/2,m−1/2√
j+m+1
2j+2 Yj+1/2,m+1/2

 , (25)
where Yj,m are the normalized spherical harmonics [37]. In the complete set [Hˆ, κˆ, Jˆ
2
, Jˆz]
of the conservative quantities, the operator Hˆ denotes the Hamiltonian of the system under
consideration, κˆ describes the spin-orbit coupling operator, Jˆ and Jˆz are the total angular
momentum and it’s z-component operators, respectively [37]. We notice that we use the
functions given in Eqs. (24a), (24b) and Eq. (25) without the subscripts in the rest of
computation.
By using Eqs. (24a) and (24b) and with the help of Eq. (22) we have two couple differential
equations of first order
~c
(
d
dr
−
κ
r
)
f(r) = [m0c
2 + E + S(r)− V (r)]g(r) , (26a)
~c
(
d
dr
+
κ
r
)
g(r) = [m0c
2 − E + S(r) + V (r)]f(r) , (26b)
which gives us the followings for S(r) = V (r)
f(r) =
~c
m0c2 − E + 2V (r)
(
d
dr
+
κ
r
)
g(r) , (27a)
g(r) =
~c
m0c2 + E
(
d
dr
−
κ
r
)
f(r) , (27b)
Inserting g(r) in (27b) into (27a) gives us the equation[
d2
dr2
−
κ(κ − 1)
r2
+Q2(E2 −m20c
4)− 2Q2(E +m0c
2)V (r)
]
f(r) = 0 . (28)
which is similar to (4) with a change ℓ(ℓ+ 1)→ κ(κ− 1). By following the same steps in above
subsection, we write the Dirac equation for the two-term potential as
d2f(z)
dz2
+
1
z
df(z)
dz
+
[
−
A21
z
+A22 −
(A∓3 )
2
q
1
1− z
]
f(z)
z(1 − z)
= 0 , (29)
with
(A−3 )
2 = κ(κ− 1) +
2Q2V1
qβ2
(E +m0c
2) . (30)
and (A+3 )
2 = (A−3 )
2(κ → κ + 1). The upper indices ∓ of the constant A23 is related with the
upper component f(r), and g(r), respectively.
It is easy to obtain the energy eigenvalue equation for the Dirac equation with the two-term
potential from (14), and we write
E2 − E
(
V0 +
V1
q
)
− m0c
2
(
V0 +
V1
q
+ 1
)
+

 Qqβ (E +m0c2)
(
V0 +
V1
q
)
n+ 12 +
√
1
4 +
(A∓
3
)2
q


2
−

n+ 12 +
√
1
4 +
(A∓
3
)2
q
2Q/β


2
= 0 . (31)
The corresponding upper component of Dirac spinor from (13) is given as
f(z) = NzA1−1(1− z)1+D
∓
2F1(−n,−n+ 2A2; 1 + 2A1; z) , (32)
with the normalization constant
N =
[
β(n+A1 +D
∓ + 1)Γ(n + 2A1 + 1)Γ(2A2)
n!(n+ 1 +D∓)Γ(n+ 2 + 2D∓)Γ(2A1)Γ(1 + 2A1)
]1/2
. (33)
with D∓ = −12 +
√
1
4 +
(A∓
3
)2
q .
3. Conclusion
We have studied the approximate, analytical bound state solutions of the Klein-Gordon and
Dirac equations for the two-term potential. We have obtained the energy eigenvalue equations,
and the corresponding normalized ”wave functions” by converting the wave equations to a
Riemann-type equation. We have presented the results with the help of an approximation
instead of the centrifugal term, and discussed the cases including the Manning-Rosen potential,
the Hulthe´n potential and the Coulomb potential.
4. Acknowledgments
This research was partially supported by Hacettepe University Scientific Research Coordination
Unit, Project Code: FBB-2016-9394.
References
[1] Chen G 2005 Phys. Lett. A 339 300
[2] de Castro, and Hott M 2005 Phys. Lett. A 342 53
[3] Jia C S, Li Y, Sun Y, Liu J Y, and Sun L T 2003 Phys. Lett. A 311 115
[4] Egrifes H, Demirhan D, and Buyukkılıc F 2000 Phys. Lett. A 275 229
[5] Lai C S 1982 Phys. Rev. A 26 2245
[6] Dong S, Garcia-Ravelo J and Dong S H 2007 Phys. Scr. 76 393
[7] Ikhdair S M, and Sever R 2007 J. Math. Chem. 41 329
[8] Jia C S, Diao Y F, Li M, Yang Q B, Sun L T, and Huang R Y 2004 J. Phys. A 37 11275
[9] Sever R, and Tezcan C 1987 Phys. Rev. A 35 2725
[10] Roy B, Phys. Rev. A 34 5108
[11] Diao Y F, Yi L Z, and Jia C S, Phys. Lett. A 332 157
[12] Tas¸kın F, Boztosun I, and Bayrak O 2008 Int. J. Theor. Phys. 47 1612
[13] Berkdemir C 2006 Nucl. Phys. A 770 32
[14] Bayrak O, and Boztosun I 2006 J. Phys. A 39 6955
[15] Yu J, Dong S H, and Sun G H 2004 Phys. Lett. A 322 290
[16] Qiang W C, Zhou R S, and Gao Y 2007 J. Phys. A 40 1677
[17] Berkdemir C, and Han J 2005 Chem. Phys. Lett. 409 203
[18] Duru I H 1983 Phys. Rev. D 28 2689
[19] Filho E D, and Ricotta R M 2000 Phys. Lett. A 269 269
[20] Morales D A 2004 Chem. Phys. Lett. 394 68
[21] Ikhdair S M 2010 J. Math. Phys. 51 023525
[22] Ikhdair S M, and Sever R 2006 J. Math. Chem. 42 461
[23] Filho E D, and Ricotta R M 1995 Mod. Phys. Lett. A 10 1613
[24] Sogut K, and Havare A 2010 J. Phys. A 43 225204
[25] Jia C S, Wang J Y, He S, and Sun L T 2000 J. Phys. A 33 6993
[26] Gonul B, Ozer O, Cancelik Y, and Kocak M 2000 Phys. Lett. A 275 238
[27] Haouat S, and Chetouani L 2008 Phys. Scr. 77 025005
[28] Dominguez-Adame G 1989 Phys. Lett. A 136 175
[29] Rojas C, and Villalba V M 2005 Phys. Rev. A 71 052101
[30] Maghsoodi E, Hassanabadi H, Zarrinkamar S, and Rahimov H 2012 Phys. Scr. 85 055007
[31] Feizi H, Shojaei M R, and Rajabi A A 2012 Eur. Phys. J Plus 127 41
[32] Zarrinkamar S, Rajabi A A, and Hassanabadi H 2010 Ann. Phys. 325 2522
[33] Sun J X 1999 Acta Phys. Sin. 48 1992
[34] Jia C S, Wang J Y, He S, and Sun L T 2000 J. Phys. A 33 6993
[35] Benamira F, Guechi L, Mameri S, and Sadoun M A 2007 J. Math. Phys. 48 032102
[36] Arda A, and Sever R 2012 J. Math. Chem. 50 1920
[37] Greiner W 2000 Relativistic Quantum Mechanics-Wave Equations (Berlin: Springer)
[38] Gradshteyn I S, and Ryzhik I M 2007 Table of Integrals, Series, and Products (New York: Academic Press)
[39] Kimura T 1969 Funk. Ekvacioj 12 269
